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SEIFERT’S CONJECTURE FOR ALMOST SYMPLECTIC FOLIATIONS 


SAUVIK MUKHERJEE 


Abstract. We disproving Seifert’s conjecture for almost symplectic foliations with co¬ 
dimension bigger or equal to 3. 


1. INTRODUCTION 

Let Gr 2 n(M) A M be the Grassmann bundle on M 2n+q , i.e 7 t -1 (:e) = Gr 2 n (T x M). Iden¬ 
tify Fol q (M), the space of codimension-g foliations on M as a subspace of T(Gr 2 n (M)), where 
the section space T(Gr- 2 n (M)) is given the C°° topology. As usual Sl fc (M) be the space of 
fc-forms on M with C°°-topology. Define 

A q (M) C Fol q (M) x fl 2 (M) 

A q (M) = {(F,u):u^^0} 

Now we state the main result of this paper. Let A q (M) be the space of all pairs G 

A q {M) such that F does not have a closed leaf. 

Theorem 1.1. (Main Theorem) Let q > 3, n > 2 and (Fq,ujo) be a pair in A q (M) then 
there exists a pair (G,'y) G A q (M). 

In the absence of a 2-form and for foliations with co-dimension bigger or equal to 3 it has 
been studied by Schweitzer in [3]. He studied this in the light of Seifert’s conjecture which 
states the following 

Seifert’s Conjecture: Every non-vanishing vector field on the three sphere § 3 has a 
closed integral curve. 

He considers the general case namely if smooth foliation on a closed manifold admits a 
closed leaf. He disproves this result in case of foliations with co-dimension bigger or equal to 
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three. 

We end this section with the definition of a minimal set which is a key ingredient in our 
proof. 


Definition 1.2. (\$\) Let M be a manifold with a foliation T, a set S C M is called saturated 
with respect to T if for all x £ S the leaf through x is contained in S. S is called minimal if 
it is nonempty, closed, saturated and minimal in a sense that it does not contain any proper 
subset with all these properties. 

Example 1.3. Consider the torus T 2 with coordinates ( a,b). Let T be the foliation on T 2 
defined by the vector field d a + cdb, where c is irrational. Then T 2 is the minimal set for T. 

2. PASSING TO THE LOCAL MODEL 

In our proof we shall follow the methods in [?j . In [5] the following result has been proved 
and which allows us to reduce the original problem of proving 11.11 to splitting the leaves of 
the product foliation on the products of discs. 

Theorem 2.1. /J5]/ Let M 2n+q be a smooth manifold together with a codimension-q foliation 
J- on it then there exists a family of embeddings f\ : B 9 x B 2n —> M, X £ A such that the 
family of sets {/a(B 9 x B 2 ") : A £ A} is locally finite, mutually disjoint. Moreover fff (T) 
has leaves {x} x B 2rl and each leaf of T intersects atleast one o//a(B 9 , 2 x B 2 ”), where B 9 / 2 
is the q-disc of radious 1/2. 

We shall consider (^(T), f&o) on B 9 x B 2n . Obviously {fjf 1 (7’), /> 0 ) G A g (B <? x B 2n ). 

3. /l-PRINCIPLE FOR THE 2-FORM 

According to section-[2] it is enough to consider (T^.uio) on B 9 x B 2 " where To is given by 
{x} x B 2 ", x £ B 9 and too is such that (wo) \ T j: 0 ^ 0. In the first step we change the 2-form 
wo to wi such that 
( 1 ) 


(2) outside the sets {/\(B 9 x B 2 ”) : A S A} (12.11) we have wi = wo 
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(3) the restriction of wi to B 9 x B 2 ™ is 0 © (E” ± (dxi A dyi)) 


Let us prove this fact. Let ( Xi,yi ) : i = 1 ,n be the coordinates in B 2ra and the coordinates 
in B 9 be (zj) : j = 1, q. So any two form, in particular wo is of the form 


wq = S fijdxi A dyj + E i<jgi,jdxi A dxj + E,.. ,//,.,(///, A dyj + tt 


where id is a two form of the form Q = E,. ; r/.i-, A dzj + E,. ; f>',.,<///, A dzj. 


So we get (wq )\tf 0 is °f the form (A\ + ...+Ak)dxi Adyi Adx2 Ady2/\...Adx n Ady n where each 
Ai is a product of fjj, gtj and hij. Set /,: = fij. One of the A,;’s say A\ is of the form 

As (wo )yrj^ 0 7 ^ 0 we may assume with out loss of generality that (wo)|^jr 0 evaluated at 
0 G B 2n x B 9 is positive. So (A x + ... + A fc )(0) > 0 and hence (. Ai + ... + A k ) remains positive 
in a neighborhood of 0 G B 2ra x B 9 . One of A,(0)’s is the biggest positive among all A,(0)’s. 
Say this be Ai(0) otherwise we may get some combination other than 0 © (E ± dxi A dyi) say 

0 © {dx i A dx2 + dyi A dyi + Eg {dxi A dyi)) 

in place of uj 1 . But this does not make any difference as we can work with 0 © (dxi A dx 2 + 
dyi A ch /2 + Eg (dxi A dyi)) in place of Wi for the rest of the argument. 

Now as Ai(0) > 0 is the biggest positive number among all Aj(0), so it remains so in a 
neighborhood of 0 G B 2n x B 9 say B 2 ™ x B 9 t for some £\ > 0. Let 

B-. B 2 "xD«->1 

be a smooth function such that B = 0 on B 2 ™,, x B 9 and B — 1 outside B 2 " x B 9 . 

£1/3 £1/3 £1 El 

Now if we replace wq by 


wo = E fidxi A dyj + T,i < jBgijdXi A dxj + T,i < jBhijdyi A dyj + Bfl 

Then (wo)|^jr 0 is equal to (wo)^^ outside B 2 " x B 9 X and on B 2 Jy 3 x B 9 ^ 3 it is equal to 
{fi---fn)dxi A dyi A dx n A dy n . As (fi-..f n ) > 0 on B 2 "^ 3 x B 9 ^ 3 so we can make fi s either 
+1 or —1 on B 2ra x B 9 for 0 < e < £i/3. 
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4. FINAL STEP 

As q > 3 there exists an embedding T 2 4 D ? . Let N( T 2 ) be a small tubular neighborhood 
of T 2 in O 9 . So there exists a diffeomorphism e : T 2 x ID 9-2 —>• N(T 2 ). So now consider 
(e x ida2n')*uJi = 0 © (£" ± dxi A dyi). Call this new form on T 2 x D 9-2 x D 2 ”. Also set 
= (e x idnjan) -1 ^. So obviously (F[,ijj'^) £ A g (T 2 x D 9-2 x D 2 ") and hence this is the 
model now. 

Now let Z be a vector field on T 2 for which T 2 is the minimal set (11.21) . Let Z' = (Z, 0) be 
the corresponding vector field on T 2 x ID) 9-2 . Let ip : T 2 x D 9-2 x [0,1] —> [0,1] be a smooth 
function with compact support and supported in the interior of T 2 x O 9-2 x [0,1] such that 
V> _ 1 ( 1 ) = T 2 x ID )]'” 2 x {1/2}. Set 

A 1 = (l -iP).d s + il>.Z' 

where s is the variable on [0,1]. Observe that as ip is compactly supported in the interior 
of T 2 x O 9-2 x [0,1], so A'i = d s near T 2 x D 9-2 x {1}. So we can extend X\ to all of 
T 2 x O 9-2 x [0,oo). We shall denote this new extended vector field by X\ itself. 

Consider the map p : B 2 " —► [0, 00 ) given by p(z) = py — 1. So 

id x p : T 2 x W~ 2 x D 2n —>■ T 2 x D 9 ~ 2 x [0, 00 ) 

is a submersion on T 2 x D 9-2 x (D 2 " — {0}). Observe that dp z = —T^s(xi,yi,... t x n ,y n ), 
where 0 ^ z = (xi, 3 / 1 ,..., x n , y n ). Let F\ be the foliation on T 2 x D 9-2 x [0,oo) defined by 
the vector field X\. Now (id x induces a foliation on T 2 x ID 9-2 x (B 2n — {0}) which 

we denote by T" , where po is the restriction of p to B 2n — { 0 }. 

Now we shall construct the two form w" from and satisfying the conditions of 11.11 in the 
complement of the origin [z = 0 }. 

Observe that Y = \Y™(xid Xi + yid Vi ) is a Liouville vector field of E"(±dxj A dyi) on B 2n , 
i.e, d(*y(S"(±dXi A dyi))) = S"(±dxj A dyi), where iy is the contraction by the vector field 
Y. Set a = iy(Y,i(±dxi A dyi)). Let H be any liyperplane in R 2n transversal to Y then by 
1.4.5 of [2 we have (a A (da) n )\ H ^ 0. 
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Observe (d(id x p))(TT") = X±. Let A = (ai,bi ,..., a n , b n ) G R 2rl then for w G T 2 x B 9 2 
and 2 = (xi,yi, ...,x n ,y n ) G B 2n , 

CAA")(iu,z) = {-4 + V^' : -pjgSCaiXj + b»2/i) = (1 - VO} 

To see this let A + B € T m (T 2 x H> 2 ) x T-B 2 " and 

d(id x p)( WjZ )(A + 5) = dp z (A) + B = X x 

So we get S = ipZ' and dp z (A) = (1 — ip). 

Now TT" defines a hyperplane H\{z) (intersection of TT" with the slices B 2 " in T 2 x B 2 x 
B 2 ™) in M. 2n simply by making the Z'-component zero which according to the above is given 

by 

Hi{z) = {i£ R 2n : -|-^3 T,(diXi + biUi) = (1 - ip)} 

\ z \ 

So if Y G Hi(z) then — pp-E(x 2 + yf) = — py = (1 — ip) which is not possible as (1 —ip)> 0. 
So Y iti Hi(z) and hence (as in lemma 2.1 of pQ) (/? © 0) A a + da is nondegenerate on 
{TT")^^, for z / 0 where /3 is a one form on T 2 x B 9-2 such that (3(ipZ r ) = 1 and /3 = 0 
on the orthogonal complement of ( tpZ') in T{ T 2 x B 9 ~ 2 ). So set uj" = /3 A a + da. Observe 
that P = 0 and outside the support of ip, w" = da = uj[ . Moreover the pair (J 7 " ,uj") satisfies 
the properties of (Q, 7 ) of II. II only in the complement of the origin {z = 0 }. 

Now we shall change p to p and a to a in a neighborhood of the origin {z = 0} such that 
by setting Q = [id x p)~ x T\ and 7 = (0 © ff) A a + da we shall get the desired pair. So let us 
now define the p and a. 

First define p(z) = — (K/2)\z\ 2 + Ej(xj +yi), where z = {x\,yi ,..., x n ,y n ) and K is a large 
positive number to be specified later. Now set 

p = Bp+(l-B)p 

where B is a bump function which is 1 on a <5/2-neighborhood of {z = 0} and is equal to 0 
outside a ^-neighborhood of {z = 0}. Observe that 

dp = (-Kxi + 1 , -Kyi + 1 ) 

So we take 5 < (1/A') and hence p becomes regular. Now 


dp = (p — p)dB + Bdp + (1 — B)dp 
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So dp(Y) remains negative on the complement of {z = 0} if we choose K large. So now we need 
to define a in order to deal with the origin {z = 0}. Observe that a = (l/2)Y,i(xidyi — yidxi). 
We claim that it is enough to perturb the coefficients Xi,yi s of dyi , dxt s in the expression of 
a suitably to get a. We shall do the case n = 2 i.e, on ID 9-2 xfxD 4 the general case is 
same. Observe that on the (5/2-neighborhood of the origin the hyperplane H i becomes 

Hi = {(ai, 6 i,a 2 , 6 2 ) : (l-Kxi)ai + (l-Kyi)bi + (l-Kx 2 )a 2 +{l-Ky 2 )b 2 = R(z) = l-ip(z)} 

and Kera takes the form 


Kera = {((ii.b t ,u 2 .b 2 ) : X\bi - j/iOi + x 2 b 2 - y 2 a 2 = 0 } 

So we need to show that on Hi 0 Kera, da = dxi A dyi + dx 2 A dy 2 is non-degenerate for 
a perturbation a of a. In order to do so we compute Kera 0 Hi. This will suggest us the 
perturbation. So we need to solve the system of linear equation 

-yiai + xibi - y 2 a 2 + x 2 b 2 = 0 

(1-Kx 1 )a 1 + (1-Ky 1 )bi + (1-Kx 2 )a 2 + (1-Ky 2 )b 2 = R = (1 - 'tp(z)) 

In the above the x t ,y,’s are variables coming from Hi. As we shall perturb a we need to 
keep these different because we shall keep Hi same but shall perturb Y in order to perturb 
a. Now solving we get (ai, bi,a 2 ,b 2 ) where b 2 is given by 

(y 2 {l-Ky 2 )+x 2 {l-Kx 2 ))~ 1 [y 2 R-(y 2 (l-Kxi)-yi{l-Kx 2 ))ai-(y 2 (l-Kyi)+xi(l-Kx 2 ))bi\ 
and a 2 is given by 

{y 2 (l-Ky 2 )+x 2 (l-Kx 2 ))~ 1 [x 2 R-(x 2 (l-Kxi)+yi(l-Ky 2 ))ai-(x 2 (l-Ky 1 )-x 1 (l-Ky 2 ))bi\ 

Now da(ciid Xl + bidy x + a 2 d X2 + b 2 dy 2 , a'id Xl + ^idy 1 + o, 2 d X2 + ^ 2 9y 2 ) = (ciibi — a'lbi) + 
(a 2 b' 2 —a' 2 b 2 ). Observe that if for (ai, bi) ^ 0, (a^—a'^i) = 0 for all choice of (a[, b[) then by 
choosing b[ = ai and a[ = —b\ we get a contradiction. So this observation suggests that we 
need to compute (a 2 b 2 — a 2 b 2 ) and make the perturbation accordingly to make ( a 2 b 2 — a 2 b 2 ) 
zero at the origin. (a 2 b 2 — a 2 b 2 ) is equal to 

(y 2 (l — Ky 2 ) + x 2 (l - Kx 2 ))~ 2 [R(a[ - ai){x 2 y 2 (l - Kx i) -x 2 yi(l - Kx 2 ) + x 2 y 2 (l - Kx i) 
- 2 / 12 / 2(1 -Ky 2 )} + R{b' l -b 1 ){x 2 y 2 {l-Kyi)+x\x 2 {l-Kx 2 )+x 2 y 2 (l-Kyi)-x\y 2 (l-Ky 2 )} 


+(aib[ - a[bi){(x 2 ( 1 - Kx 1 ) - 2 /i(l - Ky 2 ))(y 2 (l - Kyi) + aq(l - I<x 2 )) 
~{x 2 (l - Kyi) + Xi(1 - Ky 2 ))(y 2 (l - Kx 1 ) - yi(l - Kx 2 ))}\ 
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Observe that (0262 — a 2 ^) = 0 for {x\ = 0 = y\ = £ 2 } and {x\ = 0 = yi = t/ 2 } but a :2 
and 1/2 can not be zero at the same time. 

Now we know that Y has the property 0 ^ Y 1+1 Hi (just put X{, yt s in place of a,, 6/’s in 
the equation defining H\ and observe that 5 < 1 /K and we are in a ^-neighborhood of the 
origin) so it will continue to have this property if we C°° perturb Y slightly. Also observe 
that perturbing Y would result a small perturbation in a. So we do the perturbation now. 
We perturb 3/2 by f(y 2 ) so that 7 ( 3 / 2 ) 7 0 on (—6, 6) for 0 < 5 « S. Hence according to the 
above observation ( 02^2 — a 2 ^ 2 ) = 0 at the origin and we are done. 
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